Abstract. By presenting some properties of support functionals in abstract M spaces, we get some sufficient and necessary conditions for smooth points in abstract M (function) spaces. Moreover, the notion of the smallest support semi-norm is introduced and an explicit form for this functional in abstract M function spaces is also given.
Introduction
There are some recent papers devoted to the study of support functionals and their applications in a class of Banach function spaces. Hudzik and Ye in [3] gave a characteristic of support functionals in Musielak-Orlicz sequence spaces equipped with the Luxemburg norm, where they introduced a generalized Banach limit to describe singular support functionals. Some characteristics of support functionals in Orlicz spaces endowed with the Luxemburg norm and with the Orlicz norm have been obtained by Wang in [9] and Chen, Hudzik and Kaminska in [1] , respectively. Moreover, some criteria of smooth points and exposed points in these spaces were also considered in [1] , [3] and [9] .
The aim of the present paper is to study the support functionals and their applications in abstract M spaces and in abstract M function spaces. This paper is organized as follows. The first part is an introduction. The second part consists of some results concerning the characteristic of support functionals in abstract M spaces. Section 3 is devoted to some applications of support functionals in these spaces. Some criteria of smooth points are obtained. In section 4 we further discuss the support functionals at a point in abstract M function spaces. The notion of the smallest support semi-norm at a point is introduced and an explicit form for the smallest support semi-norm at any point in such spaces is given.
Let X be a normed linear space and X * be its dual space. f ∈ X * is said to be a support functional at x ∈ X\{0} if f, x = x and f = 1. For convenience, we denote by S Riesz space X equipped with the ∞-additive norm is called an abstract M space (X ∈ AM ) 1 (cf. [7] and [13] ). Let (Ω, Σ, µ) be a complete σ-finite measure space. A normed space X consisting of equivalence classes, modulo equality almost everywhere, of real valued measurable functions on Σ is called a normed Köthe function space, if |x(t)| ≤ |y(t)| a.e. on Ω, with x measurable and y ∈ X implies that x ∈ X and x ≤ y (cf. [6] ). A normed Köthe function space equipped with the ∞-additive norm is called an abstract M function space (X ∈ AM F ).
2. Some properties of support functionals in AM and AM F spaces Proposition 2.1. Let X ∈ AM and x ∈ X\{0}. Let f ∈ S * x . Then we have
Proof. First, we consider case (ii). If x − ∧ (−y) = 0, then y ≤ 0. Suppose that Q ≤ −1 satisfying y/Q ≤ x . Noticing that y/Q ≥ 0 and |x − y/Q| = |x
we have
It follows that f, y/Q ≥ 0. So f, y ≤ 0. Similarly, if x + ∧ y = 0, we can choose R ≥ 1 such that y/R ≤ x . We have |x + y/R| ≤ x − ∨ (x + + y/R). It follows that x + y/R ≤ x . So we have f, x + y/R ≤ f, x , which implies that f, y ≤ 0.
Next, if we replace y with −y in the above procedure, one can easily verify that (i) holds.
Finally, (iii) is a direct consequence of (i) and (ii).
Proof. First, we prove that f,
Noticing that
This contradicts the inequality f, z ≤ f z ≤ x = f, x . Similarly, we can prove that f, x 1 ∧ x − = 0. Hence we have
Next, assume that |y| ∧ x 2 = 0. We can choose Q ≥ 1 such that y/Q ≤ x . Let
It is easy to see that z ≤ x . We have
This implies that f, y ≤ 0. Replacing y with −y in the above procedure, we see that f, −y ≤ 0. So we have f, y = 0.
In view of Propositions 2.1 and 2.2, we have Corollary 2.3. Let X ∈ AM F , and let x ∈ X\{0} and f ∈ S *
x . Then for any y ∈ X, we have
Corollary 2.4. Let X ∈ AM F , and let x ∈ X\{0} and f ∈ S * x . Suppose that e ∈ Σ and xχ e < x . Then we have f, yχ e = 0 for any y ∈ X.
Smooth points in AM and AM F spaces
Let X be a normed Riesz space. We say that the element x = 0 in X is an atom if it follows from x = y + z and |y| ∧ |z| = 0 that y = 0 or z = 0.
Proof. Let f i be a support functional at x i for i = 1, 2. In view of Propositions 2.1 and 2.2, we have f i , x j = 0 for i, j = 1, 2, i = j. It follows that
for i = 1, 2. Thus f 1 and f 2 are both the support functionals at x. Clearly,
The proof is complete. Proof. Necessity. Let x ∈ X be a smooth point. It follows that min(
, in view of Lemma 3.1 there exist at least two support functionals at x. This contradicts that x is smooth. X ∈ AM implies that max( x + , x − ) = x . We may assume without loss of generality that
It is easy to see that w αi ∈ A (i = 1, 2) implies w α1 ∨ w α2 ∈ A. It follows that A is an upwards directed set. X is order complete, so we have w α ↑ α w α . For convenience, we denote w = α w α . Since X has the order semi-continuous norm, we have w = sup α w α . Therefore, there exists a sequence {w αn } ⊂ A such that w αn ≥ w − 1/n. We may assume without loss of generality that w αn ↑. Indeed, we can select i≤n w αi instead of w αn . It follows that w αn ↑ w . This implies that w < x + . In fact, if w = x + = x , then we have w αn ↑ x + . Put v 0 = w α1 and v n = w αn+1 − w αn (n ≥ 1). We can easily see that w αn = 0≤i≤n v i and v i ∧ v j = 0 (i = j). It follows from X ∈ AM that there exists a subsequence of {v n }, still denoted by {v n } such that v n ↑ x + . Let w 1 = k≥1 v 2k+1 and w 2 = k≥1 v 2k . We have w 1 = w 2 = x + and w 1 ∧ w 2 = 0. In virtue of Lemma 3.1 we can see that there exist at least two support functionals at x. This contradicts that x is smooth.
Let
). X ∈ AM and w < x + imply that y = x + = x . Now we show that y is an atom. If not, then y = y 1 + y 2 , y 1 ∧ y 2 = 0 and y 1 , y 2 > 0. By Lemma 3.1 we have min( y 1 , y 2 ) < x + . Assume that y 1 < x + . One can easily see that w ∨ y 1 ∈ A. This contradicts the fact w = α w α . Let z = w − x − . It follows that x = y + z, |y| ∧ |z| = 0 and z < x .
Sufficiency. Let x = y + z, y be an atom satisfying y = x , z < x and |y| ∧ |z| = 0. Let f be a support functional at x. It follows from Proposition 2.2 that f, z = 0. So f is also a support functional at y. Clearly, y has a unique support functional. Indeed, we first have y < 0 or y > 0 (cf. [8] , §26). Assume without loss of generality that y > 0. For any x ∈ X + , let
Similarly to the above, we see that B is an upwards directed set and so, u 0 def = sup u∈B u exists. If u 0 = x, we claim that x − u 0 is also an atom. If not, then there exist u 1 and u 2 such that x − u 0 = u 1 ∨ u 2 and u 1 ∧ u 2 > 0. Since y is an atom, we have u 1 ∧ y = 0 or u 2 ∧ y = 0. We may assume that u 1 ∧ y = 0. One can easily verify that u 0 ∨ u 1 ∈ B. A contradiction. It follows from Theorem 26.4 in [8] that if u 0 = x, then either (x − u 0 ) ∧ y = 0 or (x − u 0 ) = ay for some a ∈ (0, 1]. Thus, for any f i ∈ S * y (i = 1, 2), from the equality
we see that f i , x = 0 if u 0 = x or (x − u 0 ) ∧ y = 0, and f i , x = a if (x − u 0 ) = ay. This leads to f 1 ≡ f 2 . Thus, the support functional at y is unique. The same result also holds true for x ∈ X − and so, for x ∈ X. The proof is complete.
Theorem 3.3. Let X ∈ AM F and let x ∈ X\{0}. Then x is a smooth point if and only if for any disjoint e 1 , e 2 ∈ Σ, min( xχ e1 , xχ e2 ) < x .
Proof. Sufficiency. We assume without loss of generality that x = 1. If x is not a smooth point, then there exist two elements f 1 and f 2 in S * x and y ∈ X, y ≤ 1 such that
Let Ω 0 = {t ∈ Ω : x(t)y(t) = 0},
It follows from the hypothesis that there exists only one Ω j such that xχ Ωj = 1 for some j ∈ {0, 1, 2}. We shall show that this yields a contradiction. Let us consider for this purpose three separate cases. Case I. xχ Ω0 = 1. We have xχ Ωi < 1 for i = 1, 2. In virtue of Corollaries 2.3 and 2.4, we have f, y = 0 for any f ∈ S * x , which implies that f 1 , y = f 2 , y = 0. A contradiction.
Case II. xχ Ω1 = 1. We have xχ Ωi < 1 for i = 0, 2. First, we assume that x(t), y(t) > 0 for all t ∈ Ω 1 . Take an arbitrary ε > 0 and let
We have xχ Ω\Ω1ε < 1. Indeed, if this inequality does not hold, then yχ Ω\Ω1ε ≥ 1 + ε. A contradiction. So we have xχ Ω1ε = 1. Let
It follows that max( xχ Ω> , xχ Ω< ) = 1. We will divide Case II into the following two cases. Case IIa. xχ Ω> = 1. We have xχ Ω< < 1. Noticing that
we obtain that for any f ∈ S * x , f, y = f, yχ Ω> + f, yχ (Ω\Ω1)∪(Ω1\Ω1ε)∪Ω< = f, yχ Ω> and f, x = f, xχ Ω> .
Since t ∈ Ω > implies that x(t) ≤ y(t) < (1 + ε)x(t), we have
Since ε > 0 is arbitrary, this means that f, y = 1. Thus f 1 , y = f 2 , y = 1. This is a contradiction.
Case IIb. xχ Ω< = 1. We have xχ Ω> < 1. Put
It is easy to see that there exists only one e in ⊂ Ω < , i ∈ {1, 2, . . . , 2 n }, such that xχ ei n = 1, i.e. xχ ei < 1 for any i = i n , 1 ≤ i ≤ 2 n . Moreover, we have e in+1 ⊂ e in . In fact, if e in+1 ⊂ e i n for some i n ∈ {1, . . . , 2 n } and i n = i n , then xχ e i n = 1. This contradicts the equality xχ ei n = 1. So we have obtained that f, z = f, zχ ei n for all f ∈ S x , z ∈ X and n ∈ N. Therefore
n } is a Cauchy sequence. Suppose that lim n→∞ i n /2 n = a. Then we have f, y = a for any f ∈ S * x . This implies that f 1 , y = f 2 , y . A contradiction. At the end of Case II, we consider the general case x(t)y(t) > 0 for all t ∈ Ω 1 . Let f ∈ S * x and let f satisfy f , zsign(x) = f, z for any z ∈ X. One can easily verify that f ∈ S *
x if and only if f ∈ S * |x| . Similarly to the above discussions, we can prove that f 1 , ysign(x) = f 2 , ysign(x) , which implies that f 1 , y = f 2 , y . A contradiction.
Case III. xχ Ω2 = 1. In exactly the same way as in Case II, we can prove the result.
Necessity. It is a direct consequence of Lemma 3.1. The proof is finished.
Remark 3.4. By Theorems 3.2 and 3.3 we have seen that L ∞ (Ω, Σ, µ) has no smooth point if (Ω, Σ, µ) is an atomless measure space and x ∈ l ∞ \{0} is a smooth point if and only if sup i∈N |x(i)| is attainable at only one coordinate and lim sup i→∞ |x(i)| < x l ∞ . So we have revised the criteria of smooth points in l ∞ given by [12] .
At the end of this section, we give some counterexamples to show that the order complete and order semi-continuous norm in Theorem 3.2 are necessary for criterion of a smooth point. Example 3.5. Let φ ∈ l ∞ * be a positive singular functional and an extreme point of the unit ball of l ∞ * . In view of Theorem 9 in [2] we have φ, x φ, y = 0 for all x, y ∈ l ∞ satisfying suppx ∩ suppy = ∅ (see also [11] ). Moreover, φ is norm attainable, i.e. there exists x 0 ∈ l ∞ such that φ, x 0 = x 0 = 1 (cf. [2] ). Define
It is easy to see that · 1 is an equivalent norm on l ∞ . Clearly, (l ∞ , · 1 ) ∈ AM F and · 1 is not order semi-continuous. Noticing that x 0 1 = 2 and x 0 l ∞ = 1, in virtue of Theorem 3.3 we get that x 0 is a smooth point in (l ∞ , · 1 ), but x 0 cannot be decomposed by any atom e ∈ Σ satisfying x 0 χ e = 2 and x 0 χ Ω\e < 2.
It is known that x ∈ C(Ω) is a smooth point if and only if x is a peak function. Let
It is easy to see that x is a peak function. So x is a smooth point. But x cannot be decomposed by an atom of norm one and an element of norm less one.
4.
The smallest support semi-norm at a point in AM F spaces Definition 4.1. Let X be a normed linear space and x ∈ X\{0}. We say that a semi-norm p(·) is a support semi-norm at x if p(x) = x and | f, y | ≤ p(y) holds for all y ∈ X and f ∈ S * x . Moreover, if for any support semi-norm q(·) at x, we have p(y) ≤ q(y) for all y ∈ X, then we say that p(·) is the smallest support semi-norm at x.
One can easily verify that if p(·) is the smallest support semi-norm at x, then p(y) = sup{| f, y | : f ∈ S * x }. Let X ∈ AM F . For any x, y ∈ X, let Ω + x,y = {t ∈ Ω : x(t)y(t) > 0}, Ω − x,y = {t ∈ Ω : x(t)y(t) < 0}. We denote by E x,y the set {e 1 , . . . , e 4 } of pairwise disjoint and µ-measurable subsets of Ω such that Ω
)= x , then there exists some e j ∈ E x,y such that xχ ej = x . Now we define the following functionals:
where ess sup t∈E z(t) = inf E0⊂E,µ(E0)=0 sup t∈E\E0 z(t). , xχ Ω − x,y ) = x . Suppose that xχ ei = x and ess sup t∈ei x |y(t)|/|x(t)| = A for some e i ∈ E x,y . It is easy to see that there exists e 0 ⊂ e i such that µ(e 0 ) = 0 and sup t∈ei\e0 x |y(t)|/|x(t)| = A. t ∈ e i \e 0 implies that x |y(t)| ≤ A|x(t)|. So we have x yχ ei ≤ A xχ ei = A x , i.e. yχ ei ≤ A. Hence it follows that p x (y) ≤ r x (y).
Conversely, for any ε > 0, there exists E x,y ∈ E x,y such that max ej ∈Ex,y xχe j = x yχ ej ≤ p x (y) + ε.
Put
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We have xχ e 2 k < x . In fact, if xχ e 2 k = x , then e 2 k = {t ∈ e k : x |y(t)| > (1 + ε) yχ e k |x(t)|}. This leads to
A contradiction. Now we construct a new decomposition E x,y = {σ i : 1 ≤ i ≤ 4} by letting
It is easy to see that E x,y ∈ E x,y . From the construction of σ i we see that max i=1,3 xχ σi = x and max i=2,4 xχ σi < x . Thus
Since ε > 0 is arbitrary, this means that r x (y) ≤ p x (y). The proof of (i) is complete.
(ii) First, we shall prove that | f, y | ≤ p x (y) for any f ∈ S * x and y ∈ X. Assume for the contrary that there exist f ∈ S * x and y ∈ X such that | f, y | > p x (y). In Suppose that e k ∈ E x,y satisfying xχ e k = x and yχ e k = max ej∈Ex,y xχe j = x yχ ej .
We have | f, y > yχ e k . Let
In virtue of Corollaries 2.3 and 2.4 we have
This is a contradiction
Finally, we prove that p x (·) is the smallest support semi-norm at x, i.e. p x (y) = sup{| f, y | : f ∈ S * x } for any y ∈ X. If this equality does not hold, then there exist δ > 0 and y ∈ X such that for any f ∈ S * x , | f, y | ≤ p x (y) − δ. It is easy to see that p x (y) > 0. It follows that max( xχ Ω + x,y , xχ Ω − x,y ) = x . Let E x,y ∈ E x,y and E x,y = {e i : Ω + x,y = e i ∪ e 2 , Ω − x,y = e 3 ∪ e 4 ; e 1 ∩ e 2 = e 3 ∩ e 4 = ∅}. Take an arbitrary ε > 0. Let e jε = {t ∈ e j : (1 − ε)p x (y)|x(t)| ≤ x |y(t)|} if xχ ej = x .
It follows that there exists at least one e jε such that xχ ejε = x . Indeed, in the opposite case it would deduce that max σj ∈E x,y xχσ j = x yχ σj < (1 − ε)p x (y),
where E x,y = {σ j : 1 ≤ j ≤ 4},
{e jε : xχ ej = x }, σ 2 = Ω + x,y \σ 1 ,
{e jε : xχ ej = x }, σ 4 = Ω − x,y \σ 3 , and σ 1 and σ 3 take empty sets if xχ ej < x for j = 1, 2 and for j = 3, 4 respectively. This is a contradiction. Let f ε be a support functional at xχ ejε . In view of Corollary 2.3 one can easily verify that f ε is also a support functional at x. So we have f ε , yχ Ω\ejε = 0. Moreover, t ∈ e jε implies that y(t) has the same symbol as x(t). Therefore, 
